Fabrication of Magnetic Charge from Excited States of H-atom 
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O . Abstract 
O 

^ ■ It is shown that the excited states of hydrogen atom in a uniform electric field (Stark 

States) posess magnetic charge whose magnitude is given by a Dirac-Saha type relation: 
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An experiment is proposed to fabricate such states and to detect their magnetic charge. 
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Dirac [1] incorporated magnetic charge (monopole) in electrodynamics by introduc- 
ing a string singularity in the vector potential and showed that its strength is given by 
the relation 

- = -, n= 1,2,3... (1) 

This relation was independently obtained by Saha [2] and Wilson [3] by quantizing the 
angular momentum of a two-body system consisting of a magnetic point charge and an 
electric point charge. Existence of magnetic charge is also a feature of certain non-abelian 
gauge theories [4]. Although numerous experimental searches [5] have been undertaken 
to detect them, none have been found so far. In this note we show that it is possible to 
fabricate magnetically charged states from the excited states of the hydrogen atom by 
putting it in a uiform external electrostatic field and detect their magnetic charge by a 
simple experiment. 

If magnetic charges exist. Maxwell equations take the form: 

(2) 
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where the superscripts (e) and (m) on J and p stand for electric and magnetic densities. 
Our contention is that analogous to the relation 



^ 2 



- / d^r{rx J^^Xr) (3) 



between magnetic dipole moment /2 and electric current J^''^ , there a the relation 

d = i / (fr[rx J^"^)(r)] (4) 
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between the permanent electric dipole moment d and the magnetic current J^"^^ . In 
quantum mechanics this relation takes the form 

< d>= ^ J d^r jp*{f)[rx j("^)(r)]V'(r) (5) 
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Since [fx J^'^\r)] has odd parity, < d > will vanish since in general ■0(r) has definite 
parity. However, excited states of hydrogen atom do not have definite parity on account 
of 1-degeneracy. These states have permanent electric dipole moment. 

It may be noted here that the electric dipole moment is usually defined as 

d= J d^r rp''\r) (6) 

iFiom. Maxwell equations (2), this can be written as 

di^ j d^r TidjEj ^- J d^r Ei + J d^r dj{r,Ej) (7) 

The second term on the right can be converted into a surface integral which for the surface 
at infinity would vanish on account of the fact that the expectation value of electric field 
E produced by the charge distribution of the hydrogen atom vanishes exponentially at 
infinity. Similarly the definition (4) for the electric dipole moment can be written as 

- I d\E, + d'r[dj{rjE,) - d,{rjE^)] (8) 

in the static limit i.e. ^ — 0. Since the surface integrals vanish for hydrogen atom, we 
have the identity 

J d^r fp^^\f) = ^J d^r[rx J^"^)(r)] (9) 

Physically what this means is that the motion of the electron in the hydrogen atom which 
gives rise to a permanent electric dipole moment can be considered to have generated a 
magnetic current in terms of which this dipole moment can be expressed. 

^From parity and dimensional considerations the magnetic current J^™^(r) can be 
written as 

ji^)(f^=gJi- (10) 
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where L is the orbital angular momentum and g is the magnetic charge. The quantum 
machenical electric dipole moment operator in that case can be written as 

f IfxL ihq — , ,,,, 

d=7^ = -7i TT (rxV) (11) 

2 mcr 2 x 2mcr ^ ^ ^ ^ 

where aVb — a(V6) — (Va)6 

When the hydrogen atom is placed in a static uniform electric field (0, 0, S) the interaction 
energy operator i/^ has the form 

^'=^■^'=^1^^+^^)1-4-4)1 (^^) 

where = 7^ is the compton wavelength of the electron. In parabolic co-ordinates 

2 ^ + 7] 0$, or] 
The Schroedinger equation takes the form 

{Ho + Hi)^ = E^= {Eo + AE)^ (14) 

with 



In order to solve eqn(14) we take 
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E = Eo + AE, ^ = i/jexpi^F - iMif) F = log^ (16) 

nc CLr\ 



where ao ground state Bohr radius, M is magnetic quantum number and tp is real. To 
order g 

Hq^ = Eq^ (17) 

becomes 



, 4 d ,.dth d , dih,, ieg , d ,^dF. d , dF 



2m ^ + rj d$, d$, drj dr] he d$, Or] drj 

■ + + - = E,i. (18) 



he dr] dr] 2m ^r] ^ + V 



With 
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^ = ^«^^' ^ = 7' 717(^717) =0 (19) 



equation (18) becomes 



-(^)[^(^^ + ^(^^)] + + ^)] + - ^ = ^oV- (20) 



2m ^ + 5^ 5^ dr] dr] he d^ dr] 2m^r] ^ + ^ 

Since Eq is obtained by multiplying both sides of this equation on the left hy ip* and 
taking volume integral and since ip* = i/j 

Jo di 2 Jo dC 

equation (20) is equivalent to 

^^^)lS«|| + #(AjH.^^_|!fi = £;„^ (21) 



2m ^ + r] d$, d$, dr] dr] 2m ^r] ^ + V 

which is the standard H-atom Schroedinger equation in the absence of external field £. 
^From eqn(13) (14) and (16) we have, to orger g'^, 

(22) 

which on use of (19) gives 



/.,.,,(,_,),. |^,-_-) (.3) 
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on account of vanishing of the first term on r.h.s. of eqn(22). The conventional approach 
with the definition (6) for electric dipole moment, gives 

AE=^im-n,)— (24) 
2 me 

In view of the identify (9) we equate (23) and (24) and obtain 

^ = V3n (25) 
nc 

which differs from Dirac's result by a numerical factor. 

It is worth noting that the wave function $ in eqn(16) has a logarithmic singularity 
either for ^ = r + 2; = or for ry = r — ^ = 0. The former corresponds to singularity 
extending from to —00 along the negative z-axis and the latter extending from to 
+00 along the positive z-axis which is reminiscent of the Dirac string. 

The linear combination of degenerate excited states of hydrogen atom that posses 
permanent electric dipole moment and have magnetic charge are just those discussed 
in this paper i.e. states with the parabolic co-ordinate. These states form when the 
hydrogen atom is placed in an uniform static electric field. Magnetic charged states 
can therefore be experimentally fabricated by passing hydrogen atoms selectively excited 
to a specified n quantum number through a region of uniform electrostatic field. For 
convenience one can excite the atoms to the n = 2 state by absorption of a laser beam of 
A = 2430A which can be generated by frequency doubling of an intense dye laser beam at 
A = 4860 A [6]. The two states of the beam with quantumnumbers (ni = 0, n2 — 1, m = 
0) and (ni = 1, 77-2 = 0, m = 0) possesing equal and opposite magnetic charge get bent in 
opposite directions due to the action of the electrostatic field analogous to the bending of 
electrically charged particles in uniform magnetostatic field. The two separated magnetic 
charged particle beams can be passed through superconducting rings [4] causing flow of 
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electric current therein which can be detected by SQUID (Superconducting quantum 
interpreference device). 

In view of the fact that the non-degenerate ground state ■0o of the hydrogen atom can 
have no magnetic charge, it would appear that conservation of magnetic charge will be 
violated when the atom makes a radiative transition to (form) the ground state from (to) 
an excited state. However, a closer analysis shows that this is not so. Due to interaction 
of the atom with the radiation field, the states acquire time dependence as per below. 

i^nit) = [Cos Unt] V'n(O) + [Sin UJnt]lpo{0) 

(26) 

V'o(*) = [Cos Unt] tpoiO) - [Sin a;nt]V'n(0) 

where Un is the frequency of radiation resulting from the transition between states | n > 
and I >. It therefore follows that 

gn{t) = 9n Cos'^UJn t 

(27) 

goit) = Qn Sin'^Un t 

so that 

9n{t) + 9o{t) = 9n (28) 

remains constant. 
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